Abstract: Quadrupole and octupole deformation energy surfaces, low-energy excitation spectra, and electric transition rates in eight neutron-rich isotopic chains -Ra, Th, U, Pu, Cm, Cf, Fm, and No -are systematically analyzed using a quadrupole-octupole collective Hamiltonian model, with parameters determined by constrained reflectionasymmetric and axially-symmetric relativistic mean-field calculations based on the PC-PK1 energy density functional. The theoretical results of low-lying negative-parity bands, odd-even staggering, average octupole deformations β3 , and B(E3; 3
Introduction
The study of octupole-deformed (reflection asymmetric) shapes and shape transitions presents a recurrent theme in nuclear structure physics. Octupole-deformed shapes are characterized by the presence of low-lying negative-parity bands, and by pronounced electric octupole transitions [1] [2] [3] [4] . In the case of static octupole deformation, for instance, the lowest positive-parity evenspin states and the negative-parity odd-spin states form an alternating-parity band, with states connected by the enhanced E1 transitions. Recently, evidence for pronounced octupole deformation in 224 Ra [5] , 144 Ba [6] , and 146 Ba [7] has been reported in Coulomb excitation experiments with radioactive ion beams. The renewed interest in studies of reflection asymmetric nuclear shapes using accelerated radioactive beams point to the importance of a timely systematic theoretical analysis of quadrupoleoctupole collective states of nuclei in different mass regions.
A series of theoretical models have been applied to the studies of octupole-deformed shapes and the evolution of the corresponding negative-parity collective states, including the energy density functionals or their simplest realization: self-consistent mean-field models , macroscopic+microscopic (MM) models [36] [37] [38] , algebraic (or interacting boson) models [39, 40] , phenomenological collective models [41] [42] [43] [44] [45] , and the reflection asymmetric shell model [46] .
In particular, nuclear energy density functionals (EDFs) enable a complete and accurate description of ground-state properties and collective excitations over the entire chart of nuclides [47] [48] [49] [50] [51] [52] . Both non-relativistic and relativistic EDFs have successfully been applied to the description of the evolution of single-nucleon shell structures and related nuclear shapes and shape transitions. To compute excitation spectra and transition rates, however, the EDF framework has to be extended to take into account the restoration of symmetries broken in the mean-field approximation, and fluctuations in the collective coordinates. A straightforward approach is the generator coordinate method (GCM) combined with projection techniques, and recently it has been implemented for octupole-deformed shapes, based on both nonrelativistic [19] and relativistic [32, 34] EDFs. Using this method, however, it is rather difficult to perform a systematic study of low-lying quadrupole and octupole states in different mass regions, because GCM is very time-consuming for heavy systems. An alternative approach is the EDF-based quadrupole-octupole collective Hamiltonian (QOCH) [31, 33, 35] . The collective Hamiltonian can be derived from the GCM in the Gaussian overlap approximation [53] , and the validity of this approximate method was recently demonstrated in a com-parison with a full GCM calculation for the shape coexisting nucleus 76 Kr [54] . Recently, we have applied the EDF-based QOCH to a systematic analysis of spectroscopy of quadrupole and octupole states in fourteen isotopic chains: Xe, Ba, Ce, Nd, Sm, Gd, Rn, Ra, Th, U, Pu, Cm, Cf, and Fm. The microscopic QOCH model, based on the PC-PK1 energy density functional [55] , is shown to accurately describe the empirical trend of low-energy quadrupole and octupole collective states, and the predicted spectroscopic properties are also consistent with recent microscopic calculations based on both relativistic and non-relativistic energy density functionals. The resulting low-energy negative-parity bands, average octupole deformations, and transition rates show evidence for octupole collectivity in mass regions centered at both Z ∼ 58, N ∼ 90 and Z ∼ 90, N ∼ 136. The success of the EDF-based QOCH model in these mass regions enables us to search for the next possible octupole-deformed mass region by analyzing both deformation energy surfaces and low-lying spectroscopy.
Very recently, a systematic search for axial octupole deformation in the actinides and superheavy nuclei with proton numbers Z = 88−126 and neutron numbers from the two-proton drip line up to N = 210 was performed using the mean-field framework of relativistic density functional theory, and octupole-deformed minima were predicted in the nuclei around Z ∼ 96, N ∼ 196. Therefore, in this study we employ the EDF-based QOCH to perform a systematic calculation of even-even neutron-rich heavy nuclei (88 ≤ Z ≤ 102 and 190 ≤ N ≤ 212). Lowenergy spectra and transition rates for both positiveand negative-parity states of 96 nuclei are calculated using the QOCH with parameters determined by selfconsistent reflection-asymmetric relativistic mean-field calculations based on the PC-PK1 energy density functional [55] . The relativistic functional PC-PK1 was adjusted to the experimental masses of a set of 60 spherical nuclei along isotopic or isotonic chains, and to the charge radii of 17 spherical nuclei. PC-PK1 has been successfully employed in studies of nuclear masses [56, 57] , and spectroscopy of low-lying quadrupole states [58] .
The article is organized as follows. Section 2 presents a brief review of the EDF-based QOCH model. The systematics of collective deformation energy surfaces, excitation energies of low-lying positive-and negative-parity states, odd-even staggering, electric dipole, quadrupole, and octupole transition rates, calculated with the QOCH model, are discussed in Section 3. Section 4 contains a summary and concluding remarks.
Theoretical Framework
Detailed formalism of the quadrupole-octupole collective Hamiltonian has been presented in Refs. [33, 35] . In this section, for completeness, a brief introduction is presented. The QOCH, which can simultaneously treat the axially quadrupole-octupole vibrational and rotational excitations, is expressed in terms of two deformation parameters β 2 and β 3 , and three Euler angles (φ, θ, ψ) ≡ Ω that define the orientation of the intrinsic principal axes in the laboratory frame,
(1)
J denotes the component of angular momentum perpendicular to the symmetric axis in the body-fixed frame of a nucleus. The mass parameters B 22 , B 23 , and B 33 , the moments of inertia I, and collective potential V coll depend on the quadrupole and octupole deformation variables β 2 and β 3 . The additional quantities that appear in the vibrational kinetic energy, w = B 22 B 33 − B 2 23 , determine the volume element in the collective space
The eigenvalue problem of the collective Hamiltonian (1) is solved using an expansion of eigenfunctions in terms of a complete set of basis functions that depend on the collective coordinates β 2 , β 3 , and Ω. The collective wave functions are thus obtained as
The reduced Eλ values are calculated from the relation
where M Eλ (β 2 , β 3 ) denotes the electric moment of order λ.
In microscopic models it is calculated as Φ(β 2 , β 3 )|M(Eλ)|Φ(β 2 , β 3 ) , where Φ(β 2 , β 3 ) is the nuclear wave function.
In the framework of the EDF-based QOCH model, the collective parameters of QOCH in Eq. (1) are all determined from the EDF microscopically. The moments of inertia are calculated according to the Inglis-Belyaev formula [59, 60] :
xxxxxx-2 whereĴ is the angular momentum along the axis perpendicular to the symmetric axis, and the summation runs over the proton and neutron quasiparticle states. The quasiparticle energies E i , occupation probabilities v i , and single-nucleon wave functions ψ i are determined by solutions of the constrained EDF. The mass parameters are calculated in the perturbative cranking approximation [35, 61] 
with
whereQ 2 andQ 3 are the mass quadrupole and octupole operators, respectively, and q λ = Q λ .
The collective potential V coll in Eq. (1) is obtained by subtracting the vibrational and rotational zero-point energy (ZPE) corrections from the total mean-field energy:
(8) The vibrational and rotational ZPE corrections are calculated in the cranking approximation [61] :
and
respectively.
Results and discussion
The principal objective of this study is a systematic analysis that includes collective deformation energy surfaces (DESs), excitation energies and average quadrupole and octupole deformations of low-lying states, electric dipole, quadrupole, and octupole transitions for eveneven neutron-rich heavy nuclei (88 ≤ Z ≤ 102 and 190 ≤ N ≤ 212) using the EDF-based QOCH model. To determine the collective input for the QOCH, we perform a constrained reflection-asymmetric relativistic mean-field plus BCS (RMF+BCS) calculation, with the effective interaction in the particle-hole channel defined by the relativistic density functional PC-PK1 [55] , and a density independent δ-force [62] in the particle-particle channel. The strength parameter of the δ-force, 333.9 MeV fm 3 (397.0 MeV fm 3 ) for neutrons (protons), is determined to reproduce the corresponding pairing gap of the spherical configuration of 300 Fm, calculated using the relativistic Hartree-Bogoliubov (RHB) model with the finite-size separable pairing force [64] . This can be done because the essential effects of the off-diagonal parts of the pairing field neglected in the RMF+BCS calculations can be recovered by simply renormalizing the pairing strength, and consequently the low-energy structure is in good agreement with the predictions of the RHB model [63] . Moreover, the RHB model with finite-size separable pairing force was successfully used in the description of octupole deformations [26] and low-energy excitation spectra [24, 33] . The solution of the single-nucleon Dirac equation in RMF+BCS is obtained by expanding the nucleon wave functions in an axially deformed harmonic oscillator basis with 20 major shells.
Figures 1, 2, 3, and 4 display the DESs of the eveneven Ra, Th, U, Pu, Cm, Cf, Fm, and No isotopes in the β 2 -β 3 plane, calculated with the RMF+BCS using the functional PC-PK1 and δ-force pairing. The quadrupole and octupole deformations that correspond to the global minima, as well as the octupole deformation energies ∆E oct , defined as the energy differences between the non-octupole deformed minima (β 3 = 0) and the global minima, are also plotted in Fig. 5 . The equilibrium quadrupole deformations for all the isotopic chains increase gradually, from nearly spherical to well-deformed shapes, as the neutron number increases from 190 to 212. All the isotopic chains except Ra exhibit a very interesting shape evolution: from nearly spherical to octupoledeformed, and finally octupole-soft equilibrium shapes. Ra but the energy surfaces are very shallow with respect to the octupole degree of freedom. Similar shape transitions in the actinides have also been obtained in studies based on different relativistic energy density functionals [27] . Some differences between these calculations are found in the exact location of non-zero equilibrium octupole deformation and the corresponding octupole deformation energies. This can be attributed to the details of the single-particle spectra, especially levels with ∆j = 3 and ∆l = 3, and also to different treatment of pairing correlations [27] . Axially-symmetric quadrupole-octupole deformation energy surfaces of Ra and Th isotopes in the β2-β3 plane calculated by self-consistent RMF+BCS. For each nucleus, energy values are normalized with respect to the energy minimum of the ground states. The contours join points on the surface with the same energy, and the separation between neighboring contours is 0.5 MeV. Calculated values of the equilibrium quadrupole β2 and octupole β3 deformations as well as the octupole deformation energy ∆Eoct as functions of the neutron number for the eight isotopic chains analyzed in the present study. 296 Cf and the excitation energy is 0.086 MeV. The evolutions of the positive-and negative-parity bands with neutron number are correlated with those of the average quadrupole β 2 and octupole β 3 deformations in Fig. 6 , respectively. The quadrupole deformation reflects the collectivity of a nucleus and, generally larger β 2 leads to a more condensed ground state band. On the other hand, the larger octupole deformation corresponds to stronger octupole correlation, which drives the negative-parity band closer to the ground state.
Another indication of the shape transition, from nearly spherical to octupole-deformed to octupole-soft, is the odd-even staggering shown in Fig. 8 . For both positive and negative parity, we plot the calculated ratios E(J)/E(2 + 1 ) for the yrast states of the eight isotopic chains as functions of the angular momentum J. The ratios of the N = 190 isotones are almost linear as a function of J, indicating that they are nearly spherical nuclei. For the N ≥ 202 isotones, the odd-even staggering becomes more pronounced, and this means that negative-parity states form a separate rotational-like collective band built on the octupole vibrational state. In between, for the isotopes No, the ratios are parabolic as a function of J and the oddeven staggering is negligible, indicating that positiveand negative-parity states form a single rotational band.
Therefore, these isotopes are stable octupole-deformed. For Ra isotopes, pronounced odd-even staggering is observed in nuclei with N ≥ 192. Low energy B(E3) values are good measures of octupole collectivity. For low-lying states in nuclei, the ground-state B(E3) transition probabilities present a maximum value in the region of octupole-deformed nuclei [1] . Figure 9 ). This may be because the electric dipole moment is not only dependent on the octupole correlation, but also sensitive to the shell effects and occupancy of different orbitals [1, 7] . The B(E2) values increase gradually to more than 200 W.u. with increasing neutron number, indicating a shape transition from nearly spherical to well-deformed shapes for all the isotopic chains. Fig. 10 .
Single-neutron levels (top panel) and single-proton levels (bottom panel) of 294 Cm as functions of the deformation parameters, calculated by the RMF+BCS based on PC-PK1 energy density functional. Each plot follows the quadrupole deformation parameter β2 up to the position of the equilibrium minimum β2 = 0.20, with the constant octupole deformation parameter β3 = 0 (left panels). For the constant value β2 = 0.20, the panels on the right display the dependence of the single-nucleon energies on the octupole deformation, from β3 = 0 to β3 = 0.4. The thick dashed (black) curves denote the Fermi levels.
A microscopic picture of the onset of octupole deformation and octupole softness emerges from the dependence of the single-nucleon levels on the two deformation parameters β 2 and β 3 . In Fig. 10 we plot the single neutron and proton levels of 294 Cm along a path in the β 2 -β 3 plane, calculated by the RMF+BCS based on PC-PK1 energy density functional. They are similar to the usual Nilsson orbitals, but we also show their evolution along the octupole direction. In the mean-field approach there is a close relation between the total binding energy and the level density around the Fermi level in the Nilsson diagram of single-particle energies. A lower-than-average density of single-particle levels around the Fermi energy xxxxxx-11 results in extra binding, whereas a larger-than-average value reduces binding. Therefore, the onset of octupole minima around 294 Cm (c.f. Figs. 1-4) can be attributed to the low neutron-level density around the Fermi surface at N ∼ 198 and β 3 ∼ 0.20, induced by the repulsion between the Ω = 3/2 pair of levels (blue curves) that originate from the (h 11/2 , k 17/2 ) spherical neutron levels. A low neutron-level density is also predicted at N ∼ 204, which may cause the octupole softness in the isotopes with N ≥ 204. Moreover, it is noted that an octupoledeformed proton shell gap at Z ∼ 100 is obtained, which may enhance the octupole deformations in the heavier isotopic chains (c.f. Figs. 6, 9 ).
Summary
In the present study we have performed a microscopic analysis of octupole shape transitions in eight isotopic chains: Ra, Th, U, Pu, Cm, Cf, Fm, and No with neutron number 190 ≤ N ≤ 212. Starting from selfconsistent binding energy maps in the β 2 -β 3 plane, calculated with the RMF+BCS model based on the functional PC-PK1 and δ-force pairing, a recent implementation of the quadrupole-octupole collective Hamiltonian for vibrations and rotations has been used to calculate the spectroscopy of quadrupole and octupole states of the 96 even-even nuclei. The microscopic deformation energy surfaces exhibit transitions with increasing neutron number: from spherical quadrupole vibrational to stable octupole deformed nuclei, and finally to octupole vibrations characteristic for β 3 -soft potentials in the neutron-rich actinides. The systematics of the energy spectra, oddeven staggering, and transition rates, associated with both positive-and negative-parity yrast states, points to the appearance of prominent octupole correlations around Z ∼ 96, N ∼ 198, and the corresponding lowering in energy of negative-parity bands with respect to the positive-parity ground-state band.
A microscopic picture of the onset of octupole deformation emerges from the dependence of the singlenucleon levels on the two deformation parameters. The onset of ocutpole minima around 294 Cm can be mainly attributed to the low neutron-level density around the Fermi surface at N ∼ 198 and β 3 ∼ 0.20, which is induced by the repulsion of the Ω = 3/2 level pair originating from the (h 11/2 , k 17/2 ) spherical neutron levels.
